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1. Introduction. 

The discrete q-Kahn and tlie discrete dual g-Hahn polynomials were introduced by 
Hahn in [10] and [11] respectively. These are particular cases of polynomials introduced 
by Askey and Wilson and called g-Racah polynomials [3]. Askey and Wilson [3] have 
also considered continuous dual q -Hahn polynomials as a particular case of the Askey- 
Wilson polynomials. The objective of the present study is to generalize the continuous 
dual g-Hahn polynomials to the associated continuous dual g-Hahn polynomials. The 
g — > 1 limit gives the case of associated continuous Hahn polynomials which have have 
been studied by Ismail et al [13]. It may be mentioned that in two earlier papers [7], 
[8], we have discussed the associated continuous Hahn (for continuous Hahn polynomials 
see Askey [1]) and the associated big g-Jacobi polynomials respectively. In both of these 
associated cases we made extensive use of contiguous relations for hypergeometric and 
q -hypergeometric functions. Although the use of contiguous relations in connection with 
continued fractions goes back to Gauss [23], the importance of contiguous relations in 
relation to the theory of orthogonal polynomials was first stressed by Wilson [25] . 

In Section 2, we obtain six solutions to the three-term recurrence relation satisfied 
by associated continuous dual q -Hahn polynomials. This is done with the help of three- 
term contiguous relations satisfied by balanced s(j)2 's. It is also demonstrated how an 
existing three-term transformation formula for balanced s4'2 's connects any three of these 
solutions. By examining the large n asymptotics of the solutions and the associated second 
order difference equation we show that one of the solutions is a minimal [6], [16] solution. 
When one of the four parameters is equal to ' g ', another of our solutions reduces to the 
continuous dual q -Hahn polynomial solution [3] . 

In Section 3, the related infinite continued fraction is obtained. Following the proce- 
dure employed in several other cases (see [21], [22], [23]) we then derive the explicit weight 
function for the absolutely continuous component of the spectrum. 

Section 4 is devoted to obtaining a generating function and hence an explicit expression 
for the associated continuous dual q -Hahn polynomials. The method employed is the same 
as by Ismail and Libis [14] for big q -Laguerre polynomials. 

In Section 5, we examine four limiting cases of the original recurrence relation together 
with their solutions, related continued fractions and explicit polynomials. The first two 
limits are associated big g -Laguerre and associated Wall polynomials. These are on the 
24>i and i4>i levels respectively. Two further limits are found at the q4>i level. 

In Section 6, we consider seven additional limiting cases. These include the associated 
cases for Al-Salam-Chihara, Al-Salam-Carlitz I, and continuous q -Hermite polynomials. 

In Section 7, we give the connection between solutions to the associated Askey- Wilson 
[15], [9] and the associated continuous dual g-Hahn polynomial recurrence relations. 



2. Three-term contiguous relations and solutions. 

The recurrence relation satisfied by associated continuous dual g-Hahn polynomials 
can be expressed as 

(2.1) Xr,+l-{z-an)Xr, + blXr,-l = 

ttn := an{z;A,B,C,D) 

= (^ + ^ + ^ + ^).-(l + .).— 



bliz;A,B,C,D) 

■a - Aq^-'){1 - Bq^-'){1 - Cg"-^)(1 - Dq 



y /1 A^n — l\/-i T}„Tl — l\r-i /^„"^— 1^/1 7~i„'^ — 1^ 



ABCD 

The symmetry with respect to the parameters A,B,C,D is obvious. With this form of 
the recurrence, it is easy to take successive limits A, B,C, D — ^ oo . The limit D —^ oo 
gives associated big g-Laguerre polynomials (see Ismail and Libis [14]) and a subsequent 
limit C — * oo gives associated Wall polynomials (see Chihara [4, p. 198]). Finally i? — ^ oo 
and then A ^ oo give additional cases. 

Note that in (2.1) the a^ can also be expressed as 

,, , 1 g 

ttn = -(An + /Un) + "T^ + 



AB CD 

An= {1-Aq^){l-Bq^)/AB 

li^= q{l-Cq^-^){l-Dq^-^)/CD. 

This means that with a renormalization and a translation of the coordinate z we may 
re-express (2.1) and the aforementioned limits as birth and death processes with birth 
and death rates An and Hn respectively [12]. A second family with hq := should 
also be investigated. This has already been done in the more general case of associated 
Askey- Wilson polynomials [15]. 

The solutions to (2.1) and its limit cases will be expressed in terms of the basic 
hypergeometric functions 



1 - V^ (ai,a2, ■■ ■,ar)fc r/ ^.k^k(k-l)/2]l+s-r^k 1^1 ^1 



ai,a2, ■ ■ -,0^ . ^ _ Y^ (ai,a2, ■ ■ ■,ar)fc 
bi,b2,---,bs^ ^ 

k=u 



where 



(a)oo = JJ(l-ag^ ^), {a)n = (a)oo/(ag'')oo, n integer, 



m 

(ai,a2, ...,a„,)n = JJ(aA;)n, n integer or oo 
fe=i 

We will use the notation 



(2.2) (f) := (j){a,b,c,d,e) = 3^2 



a,b,c_ de 
d, e ' abc 



de 



abc 



< 1, 



and its analytic continuation for 1^1 > 1 given by the following transformations [5, 
(IIL9), (III.IO), p. 241] 



(2.2o) 
(2.26) 



3<P2 



3<P2 



a,b,c de\ _ (e/a, de/bc) 



I oo 



d,e ' abcj {e,de/abc) 

a, 6, c de \ (6, de/ab, de/bc 



oo , / a, (i/6, (i/c e 
^"^2 ' d,de/6c 'a 



- 



oo , / (i/6, e/6, de/abc _ , . 
de/ab, de/bc ' 



(i, e ' abcj {d,e,de/abc)o 

To obtain solutions to (2.1) we use 3(^2 contiguous relations and the usual notation 

(f){a±) = (t){aq ,b,c,d,e), 

4>±^ <Piaq^\bq^\cq^\dq^\eq^^). 



Two such contiguous relations are [18]: 
(2.3) 



(l-6)(l-c) rfe 
- 0(a+) + — :rr7z r— ; — <P+ 



(1 — (i)(l — e) a6c(j 



g Wg 

(2.4) (1 - d)il - e)<P + (rf - a)(l - -)</>+(a-) - (1 - a)(l - ^)</>+ 



0. 



Changing (a, 6, c, rf, e) — > (a, 6/^, c/g, rf/g, e/g) in (2.4) and then eliminating (/){a+) and 
(^_i_ from the resulting equation together with (2.3) and (2.4), we obtain 



(2.5) 



(l-6)(l-c)(l-f)(l-f)de 



(l-rf)(l-e) 



bcq 



<^+(a-) 



/ -1 \ /-I \ /-I \/-1 \ / -1 7 \ / -1 \ 

+ (1 --)(!--)</>-(«+) = 0. 

With the replacements 6 = Bq"^, c = Cq^ , d/a = Dq^ , e/a = Aq^ , this becomes 
(1 - Sg")(l - Cg'")(l - Dg'")(l - Aq"") DAa'^ 



(2.6) 



{l-aDq'^){l -aAq' 



BCq 



^n+l 



n An V) An 



+ {l-Daq''-'){l-Aaq 



,n-l^ 



^n-1 



0, 



where 



a.Bq'^.Cq'' DAa \ 
^n - 3</^2 1 aDq^'.aAq^' BC J 



We write z = q/aDA + a/BC so that 



(2.7) a = — - z± \ z^ - 



2 \ V ABCD 

— BC\±, say. 

After renormalization, (2.6) becomes (2.1) with a solution 

(2.8)XW'± = XW'±(^;AS,C^,I^) 

_ {A,B,C,D)^ ^n , ( BC\±,Bq^,Cq^ \ 

- {BCDX^,ABCX^)^^^> '"^^ \BCD\^q-,ABC\^q-^^^^^)- 

We shaU show later that, with a suitable choice of square root branch, Xn is a minimal 
solution of (2.1). Because of the symmetry in (2.1) and the fact that the minimal solution 
is unique up to a constant multiple, the parameter interchanges A ^^ C or B ^^ D in the 
above solution must yield only an n independent multiple of Xn ■ Let us verify this. 
If we make the interchange A ^^ C^ Xn changes to 

..„^ ,(i),± _ {A,B,C,D)n , .n.f BA\±,Bq^,Aq^ \ 

^^■^^ ^- - {BADX^,ABCX^)n^^^> '"^'[BADX^q-^ABCX^q-^^^^^J- 

If we apply the transformation (2.2a) to (2.9) we obtain 

(i),± {A,B,C,D)n . {_ADX±^BCDX±q^ 

^" {BADX±,ABCX±)n ^ {BADX±q^,CDX±)^ 

( Bq-,Cq-,BCX± . ,r.. \ 
"" ^'^'^ \ ABCX^q^, BCDX±q^ ' ^^^^) 

which is clearly just a constant multiple of Xn ■ 

In order to obtain a second solution of (2.1) we start from a different three-term 
contiguous relation [18]; 

(2.10) [de{a — b — c) + abc{d + e + q — a — aq)](/) 

+ {1 — a){de — abcq)(l){a+) + bc{d — a){e — a)(j){a—) = 0. 

Changing a -^ aq^ , we can write the above as 

[dei^aq"^ - b - c) + abcq^'id + e + q - aq"^ - aq'^"^^)]Yn+ 

(1 - aq''){de - abcq''+^)Yn+i + bc{d - aq''){e - aq'')Yn-i = 0, 

where 

_ faq^,b,c_ de 



Writing 

a^A,b = ABX+,c = ABX_,d=-^,e = -^ and -^(- + -) 

6 D CD b c 

and renormalizing we again arrive at equation (2.1) with a new solution 

roiii Y(2) _ JAB)^ fAq\ABX+,ABX._l+^ 

^^■^^> ^^ - TABF'^' V Aq/C,Aq/D 'S^ 

From (2.11) we obtain additional solutions by parameter interchanges due to the symmetry 
of (2.1). However, we find that this is not true for the interchanges B ^^ C or B ^^ D . 

(2) 

This can be seen by applying transformation (2.2a) to Xn . We get 

(2) ^ {A,B)r,{q-''+^/D,Aq/B)^ f Aq^, ADX.,ADX+ 9""+^ 

(Ai?)M^g/^,g-"+V5)oc ''^' V Aq/C,Aq/B ' D 
= {AD)n{Aq/B,q/D)^ f Aq^,ADX., ADX+ q^^\ 

^ ^ {ADr {Aq/D.q/B)^''^' [ Aq/C,Aq/B ' D ) 



-(2) 



where the right side is a constant multiple of the B ^^ D interchange applied to Xr, 
It is similarly seen that B ^^ C does not yield a new solution. However the interchanges 
A ^^ B, A ^^ C and A ^^ D do yield the following new solutions: 



(2.13) X(3) = iA^„^. (Bq^,ABX^,ABX.^q-^+^ 

(2.14) xW =- ^^'^^" ^ fCq^,BCX+,BCX.^q 



(AB)^ ^^^ \^ Bq/C,Bq/D ' A 

n+l 



(SC)- -"^^ V Cq/A,Cq/D ' S 
(2.15) X(^) = ^^^3^2 ^^^^5^A„5m_..— ^ 



(BD)^ ^^' V Dq/C,Dq/A ' S 



It can be shown that the three-term transformation formula [5, (III. 33), p. 245] connects 
Xi^^ with 
out to be 



Xn with any two of the solutions Xn , X^ , Xn and Xn ■ One such relation works 



(2.16) {ABCX+, ACX., -|, ^)^XJ^^'+ - {A, AX.,ABX+, ^)^X^^^ 

_ (C, CA_, ■^, -^, BCX+, CDX+, ABDX+)oo (2) 

~ (§,Am+,scm+)oo " ■ 

Another three-term contiguous relation satisfied by balanced 3(^)2 's also yields solu- 
tions to (2.1). The required contiguous relation, which can be deduced from (2.3), (2.4) 
and (2.10), is 

/^ .^^ (l-a)(l-6)(l-c) de , , , , , 

d 6 

+ \abc(d + e — q) + de(l + q — a — b — c)](l) + abcq(l )(1 )(/>_ = 0. 

q q 
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Replacing [a^h^c^d^e] by {aq ^^hq '^,cq '^,dq ", eg "^) and writing 



_ , . aq ""M "".cq "" de 
^- - ^'^^ ' dq-, eq- ' ^^ 



we have from (2.17) 



„n+l ^n+l r 1 1 „n+l „n ^ 

d e yd e de abc J 

n (1 _ ig")(l - ig'^)(l - iQ")(l - ^Q") 

^ ^ de (l-iQ-)(l-iQ-) 

Choosing the parameters a = q/B, b = q/A, c = q/ D, d = CqX^ and e = CqX- and 
renormahzing we again obtain the equation (2.1) with a solution 

(2.19) X(6) =(-1)"(t^)V'^('^-')/'(^^^A+,^^^A_) 



q-n+^/B^ q-^'+^/A, q-'^+^/D 
CX+q-''+\CX-q- 



y i y /^^y /^,y i "^ ■ rn' 

>< 3<P2 I ^^ ^-n+l ^\ „-n+l I'-^y 



and three similar solutions obtained by parameter interchanges C ^^ A or C ^^ B or 
C ^^ D . However, the solution Xn and its C ^^ A, C ^^ B or C ^^ D interchanges 
do not give new solutions. They are related to the solutions Xn , ^n \Xn and Xn 
by the transformation formula (2.2b). For example, with the help of this formula we find 

that 

(6) ^ {Cq/A,Cq/D,Cq/B)^ .^^ 

{C,CX+q,CX-q)oo " 

and thus Xn is the same solution as Xn except for a constant factor. 

We next show that continuous dual g-Hahn polynomials ([3, pp. 3, 28]) are obtained 

(2) 

as a particular case of the above solutions. This is true for the solution Xn if C = q or 

(6) 

Xn if A, B or D = q . That is why our general case represents associated continuous 

(2) 

dual q -Hahn polynomials. In order to show this for Xn we first apply the transformation 
formula [5, (III. 34), p. 245] connecting 3(^2 's of type I and II 

, fa,b,c de\ _(e/6, e/c)oo , fd/a,b,c 
'"^^ [d^e'^^cj -(e,e/6c)^^^n^'MA'' 

{d/a,b,c,de/bc)oo , f e/b,e/c,de/abc _ 
{d,e,bc/e,de/abc)oo \ de/bc, eq/bc ' ^ 

We have from (2.11) 

room Y(2) _ iAB)n \ {ACX.,ACX+)^ fq-^+'/C,ABX+,ABX. \ 

^'•'°^ ^- -jABTl {Aq/D,C/BU '^' \ Aq/C,Bq/C ' ^ J 

iq-^+^/C,ABX+,ABX.,Aq/B)^ f q-^+^ /B, ACX., ACX+ 

iAq/C,Aq/D,B/C,q-^+yB)^ '"^^ [ Aq/B,Cq/B '^ 
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When we write C = q in (2.20), the right side becomes 

(2-21) (A5)^ (^,^)^ ^^^ l^ AB '^ 

In order to compare this with continuous dual q -Hahn polynomials we apply a transfor- 
mation which will ultimately change the interval of orthogonality from [— l/a, 1/a] when 
a = }2\/ ^BCD /q is real, to [—1,1]. Take x = az = cos^, w = e*^ , which means 
u = 2q;A_|_ = 1/2q;A_ . Thus, omitting constant factors we can write (2.21) as 

iA,B)n fq-^,ABu/2a,AB/2au_^ 

which except for a normalization factor of (2a) ""^ , is the same as the continuous dual 
q -Hahn polynomials of Askey and Wilson [3] . 

We now proceed to show that Xn is a minimal solution of (2.1) for a particular 
branch in the complex plane. This is done by evaluating the large- n asymptotics of 
Xn and the equation (2.1). Applying the transformation (2.2b) to (2.8) i.e. to Xn '' 
we obtain for n ^ oo 

^(i)± iAB,C,D)n ., ,n {Bq^,ACDX±q^,ABCDXl)^ 



{BCDX±,ABCX±)n {BCDX±q'',ABCX±q^,ADX±)oo 

^^•2^) ^ 3^2 ^ ACDX^q-, ABCDXl ' ^^ ) 

^ const (A±)". 

On the other hand, asymptotics of the second order difference equation (2.1) is given by 

(2.24) Xn+l - zXn + -j§^Xn-l = 0, 

from which we have for large n 

(2.25) Xn ^ const {X±Y . 

Choosing the square root branch for which |A_/A_|_| < 1, the minimal (or the sub- 
dominant) solution in terms of the variable x = az is given by 

(2.26)X(--)(x) = X(i)'- 

^ {A,B,C,D)n ( Bq^,Cq-,BCX- 

^ ' {BCDX.,ABCX.)n^^^ \BCDX-q^,ABCX-q^' ""- 



valid for za = x E C\ [—1, 1], a = \\ r^^'^^ , X± = -^{x ± \/ x^ — 1) . Summarizing 
what we have done so far, we have 

Theorem 1. The functions X^'n^'^ , X^^\ k = 2,3,4,5 of (2.8), (2.11), (2.13), (2.14) and 
(2.15) respectively are solutions to the recurrence relation (2.1) for associated continuous 
dual q -Hahn polynomials. These solutions are pairwise linearly independent. The minimal 
solution of (2.1) is given, up to a multiplicative factor, by (2.26) with the square root branch 
chosen so that (A_/A_|_)"' — ;► as n -^ oo with za = x E C\ [—1, 1], a — ^\J ABCD/q . 



3. The continued fraction and measure. 

The infinite continued fraction associated with (2.1) is 

(3.1) CF{z) = z-ao ^— ^— , 6^ ^ 0, n > 0. 

z — ai — z — a2 — • • • 

Pincherle's theorem [16] connects the minimal solution of (2.1) with the continued fraction 

(3.1) by the formula 

(3.2) — -Vt = °, . ,' , za ^ X, a = -JABCD/q. 

Therefore from Theorem 1, we obtain the continued fraction representation 

f BCX-.B.C 

1 ARmi\ ^^'^ \ R( 

(3.3) 



ABCD\_ ^^^ [bCDX-^ABCX-'^^^- 



CF{z) 



.(l-^^)(l-^^^)3. r BCX..B/,^C/, . y 

' 9 3<?>2 yBCD\./q,ABC\-/q' ^- ) 

We can also write (3.3) as 

( BCX.^B^C \ 



(3.3a) 



1 1 ^^^ 



CF{z) A+(l-^)(l-^) ^ fBCX.,B/q,C/q 

\ 1/AX+,1/DX+ 



AxT'y^-DxT' 3</,2 ( ^^:r' y,^;.T'^Am_ 



(3.3) or the alternative form (3.3a) are valid for 

za^x eC\ [-1, 1], |A_/A+| < 1, a = -^ABCD/q. 

In the particular case C = q (the case of continuous dual g-Hahn polynomials), (3.3) 
reduces to 

to A^ 1 _ ABDX- f BqX-,B,q .^. \ 

^^•^^ CF{z) - {1-BDX.){1-ABX.) '"^^ \DBqX.,ABqX.'^^^^-) 

which can also be written with the help of (2.2b) in the form 

, . 1 ^ ABDX.jq, ABDX-, ABDqXl)^ f BDX., ABX., ADX. 

^ ' CF{z) ~ {BDX.,ABX.,ADX.)oo \ ABDX-,ABDqXl '^ 

with explicit pole terms given by the zeros of the denominator {BDX-, ABX-, ADX-)oo ■ 
These pole singularities and their residues determine the discrete component of the spectral 
measure of orthogonality for continuous dual q -Hahn polynomials. 

9 



We now determine the absolutely continuous part of the spectrum for the general 
associated case. 

li X = za E (—1, 1) , then (2.1) has linearly independent solutions given by the 
boundary values of (2.26) as x approaches (—1, 1) from above and below. With now 
A± = 2^[a; ± ^^/l — a;^], a; = ^ct , we have the large n asymptotics 

(3.6) 

and 

(3.7) 



X«"'(. + ,0) « (A_)" ('^^B,C,DUABCDX'_U 



{BCDX_,ABCX-,ADX. 



x<-)(.-«)«(A,r(-*-^'^-^>"<^^^^^- 



{BCDX+, ABCX+, ADX+] 



Since the minimal solution changes as we cross the line segment za = x G (—1,1), we 
have the representation 



(3.8) 



1 



u{t)dt 



+ possible pole terms. 



CF{z) Jr z — t/a 
Also co'(x), X G (—1, 1) can be obtained by using the formula [21] 

1 W(xif ")(x + iO), Xi7")(x - zO)) 



(3.9) 



u){x) 



2nia 62^if ") (^ + zO)xi7") {x - zO) 



1 



-(niin) 



(min) 



lim 

27rZQ; n^QO 



hlhl . . . 62 64xi7") (a; + zO)xi7") {x - zO) 



where 



Using (2.1), (2.26), (3.6) and (3.7) and simplifying we have 



(3.10) u{x) 



{A,B,C,D)U^ 



w2)oo 



0„, /I ^2 ( 2Qf 2a 2a_ 2a 2aq 2aq 

z/l V J- X. Vau^ A"'^ Du^ D "'^ BCu ' BC 



X 



3<P2 



1 <! ■ Ar>\ 



BCX+,f,^ 

2,V2 I BCD\+ ABCX+ ; ^-PA 

r7 ' rt 



1 -1 



+ 



9 ' 9 

In the particular case C = q this reduces to 

1 {A,B,q,D)^i^,u^) 



(3.11) u{x) 



''''^^^ (\/¥/-^ v¥-^ \/¥/-^ \/¥-^ \/¥/-^ \/¥-)c 



Taking the appropriate value of the parameters from (2.22) we find that this weight 
function is the same as the one obtained by Askey and Wilson ([3, p. 11, Theorem 2.2 
in the special case d = 0]) for continuous dual g-Hahn polynomials. Summarizing the 
above we have 
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Theorem 2. The associated continuous dual q -Hahn polynomials Pn{x/a) given by 
(4.12) of the next section are orthogonal with respect to a measure with absolutely con- 
tinuous component given by the weight function (3.10) on (—1, 1) . In the particular case 
C = q this absolutely continuous component reduces to (3.11) and the discrete spectrum is 
given by the zeros of {BD\-, AB\-, AD\-) oo where A_ = (a; =F ^/x"^ — l)/2ct for x > 1 
and X < —1 respectively. 

The q ^ 1 limit of continuous dual q -Hahn polynomials yields the case of continuous 
dual Hahn polynomials. The corresponding results of this Section for associated continuous 
dual Hahn polynomials with q = 1 are given by Ismail, Letessier and Valent [13]. 
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4. Generating function. 

The associated continuous dual q-Kahn polynomials Pn{z; A, B,C, D) satisfy the 
second order difference equation (2.1) i.e. the equation 



(4.1) Xr,+1 - 



^ + ^ + ^ + ^)?"+(l+?)?''^-^ 



X. 



+ -^(1-Aq"-^)(1-Sq"-^)(1-Cq'^-^)(1-I)q"-^)X,_i = 



4a2 



A renorniaUzed form of (4.1) is, with x = az, a = ^\J ABCD /q 



(4.2) {l-Aq^){l-Dq^)Cr.+i 



2a: - 2a ( i + 1 + 1 + 1 ) Q- + 2a(l + q)q^--' 



U 



n-lN 



+ {l-Bq^-'){l-Cq^-')Cr.-i = 



This is satisfied by the polynomials 



Ux;A,B,C,D) 



{2arP^{z;AB,C,D) 



{A)rr{D), 

Let the generating function of the polynomials Cn be 



(4.3) 



G(.,t)^f;i^^^i:^fe^^^^r 



{A)n{D)r, 
J2Ux;A,B,C,D)f 



n=0 

CO 



n=0 



An explicit form for the generating function may be obtained by employing the procedure 
given in [14]. First multiply (4.2) by f^ and sum up the resulting equations from n = 
through n = oo . Using the initial conditions for the polynomial solutions of the first kind, 
we obtain 

/. .N /. N/- t.^. , . 2atq..A D 2at 2at.^, 

(4.4) (1 - ut){l - -)G{x,t) - (1 - -j^){- + - - ^ - -^)G{^M 



2atq^^^ 2atq^ AD 
AD~'~^ 



+ (1- -=)(!- 



)--^G{x,tif) = (1 - ri)(l - :5). 



In (4.4) we put 
(4.5) 



/2odq\ 

G{x,t) = ^^^f{t) 

(tw)oo 
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to obtain 

(4.6) 



(1 - -)/(t) - (- + - —)f{tq) 

u q q B C 



AD 



A D (tuq). 



+ {l-tuq)f{tq') = (1--)(1-- 



^ \ AD )oo 

In the left side of (4.6) we write f{t) = J2'^=o /"^" ^^^ ^^ ^^^ right side we use g -binomial 
theorem to replace (tuq) oo/ {~^d') ^y 



If we now equate coefficients of t^ on both sides, we obtain the first order difference 
equation 

(4.7) {l-Aq-^){l-Dq-^)f^ = -(1 - ^g-^)(l - ^g""^)/.-! 

u B C 



+ 



2aq 
AD 



xn . j^ /ADu\ 

) (i--)(i--)-7t^. 

J Q Q {Q)n 



Rewriting (4.7) as 



(4.8) 



u 



(AUD), 



( 2au \ ( 2au \ 
\ B )n\ C )', 



-fn 



1 (A).-l(D)^-l 

( 2au \ ( 2au \ Jn-1 

\ B Jn-l \ C Jn-l 

(A) (D\ (ADu\ 



+ 1^1 u-"^ 



AD 



[ B )'^\ C /'^WJ? 



the general solution of (4.7) is 



(4.9) 



Jn 



/ 2au \ f 2au \ 
I B Ml C / 

U^{A)r,{D)r 



E + 



n 






/ J t 2au \ I 2au \ 

j=o ^ B n\ c n 



w 



where i? is a constant which by the boundary conditions may be taken as 0. Consequently 
we have the generating function 



^4_^Q) y {2arPn{z;A^B,C,D) ^.^ 



n=0 



{A)r,{D)r, 



I 2cttq \ 



oo n /2au\ (2au\ ( A\ (U\ ( AUu \ ^ ■. j 

Sr^\r^ K^-)n[-c-)n\ q )j\ q )j\ 2a h I ^CXq \ -n+j. 



13 



where z = x/a and x = cos^, u = e^^ . If we interchange C ^^ D in (4.10) and write 
C = q we obtain, with a = 2a/ B, b = 2a/ D, c = 2a/ A , 

■^ (2ar P„{z; A, B.C) 

.^ -^-^x ^ (Ct)oo y^ {au)n{hu)n f t^ "" 

_ (ct)oo , f au^hu t 
~ JtuU ^^' \ ah ''u 

This gives the generating function result for the continuous dual g-Hahn polynomials (see 
[13, (3.3.7), p. 55]). 

By comparing coefficients of t^ on the left and right sides of (4.10) we obtain an 
explicit expression for our monic associated continuous dual q -Hahn polynomials. 



(4.12) 






X 



E 




\2aJ (q)„, ^ 1 f4^o-n.A.i)), \2au 

' ( 



/ 2ceu 2au 
j=Q yq^ B ^ C !J 



a = -\/ ABCD /q, x = -{u + l/u), z = x/a. 

Zj Zj 

Note that Pn{z) is of course symmetric in the parameters A, B,C, D . The symmetry 
under the interchanges A ^^ D or B ^^ C is obvious from (4.12). However, the symmetry 
under the interchanges A^^B,A^^C,D^^B or D ^^ C is hidden. Pn{z) is also 
symmetric under the interchange u ^^ u~^ . Again this is not apparent from (4.12). 
Applying any one of these hidden symmetry interchanges to (4.12) gives us a type of 
transformation formula. 

A different expression for Pn{z) is obtained in Section 7. It is derived from the 
associated Askey- Wilson polynomial formula of Ismail and Rahman [15]. In order to 
contrast (7.3) with (4.12) we repeat it here as 



(4.13) P^{z-A,B,C,D) 



^^^ {q,Cq\Bq\q-% ['AD J 

This formula also does not reveal the full symmetry with respect to A, B,C,D . However, 
it does make explicit the u ^-^ u~'^ symmetry. 
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5. Four limiting cases. 

We now take successive limits D^oo, C^oo, S^oo, A^oo. 
5.1 Associated big q'-Laguerre (D ^ oo). 
The recurrence relation (2.1) becomes 

(5.1) Ln+i- z- 

-{l-Aq^-^){l-Bq^-^){l-Cq^-^)Lr,.i = 0. 



^ + ;^ + ^)?" + (l + ?)?'^-^ 






If we write A = aq, B = bq, C = —abq/s and z = t/abq , and renormalize with 
a factor (abq)^ , (5.1) gives the equation (4.3) of Ismail and Libis [14] for associated big 
q -Laguerre polynomials in nionic form. 

The solutions of (5.1) are obtained as D — > oo limits of solutions of (2.1). We have 
A_|_ ~ 2 and A_ ~ q/ABCDz and consequently from (2.8) 

(5.2) lW(^;AS,^) = lim xW'-(^; A, S, C, 15) 



(-1)' 



Q"("+^)/2 (A,S,C)„ fBq^^Cq'' q 



{ABCzY {^)n ^ yq^'^^IAz' BCz 
and from (2.12) 

(5.3) 4^) (^; A, S, C) = 7^^^ lim X^~) {z-A,B,C, D) 

{Aq/B)oo D^c^ 

= {-irq-(--'y\A)r.A- 2<^2 I; ^£^;Azq--+' 

\ B ^ C 

Interchanging A ^^ B and A ^^ C in (5.3) yields the limits of solutions Xn , Xn ■ 
We have 

(5.4) L(^\z;A,B,C) = (-1)-q-(-iV2(S)„S-2<^2 ( %' ^^ ; Bzq-^+A , 

\ C ^ A / 

and 

(5.5) Ll^\z;A,B,C) = (-1)"q"("-^)/2(C)^C-2<^2 f ^C' 3f ; C^^q^+^V 

\ A ^ B / 

Limits of Xn given by (2.19) and its parameter interchanges will be in terms of 2<Pi ci.nd 
these three limits will simply be transforms of Ln\Ln' and Lh, ■ We write below one 
of these limits 



L(f)(^;A,S,C) = lim Xl^\z- A, B , C , D) 

D— >oo 



Czq- 



(5.6) =z-{l/Cz)n2<t^i (^ A?:-u+i ' -.Cq' 
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Next we take the D ^ oo limit of the exphcit expression (4.12) for the polynomial 
solution to get 

(5.7) Pi^\z;A,B,C) = lim Pr,{z; A, D,C, B) 



R 

' AB 



{A,B,^)-\{q-.^U-l)W^'-'^'^ [AB 



(q)^ ^[ {ABzq-r^,A,B), ^C 



J 



Note that before taking limit D ^ oo oi (4.12) we have made the parameter interchange 
B ^ D in (4.12). 

The minimal solution of (5.1) is Ln and we therefore have the continued fraction 
representation 



z-ao-z-ai-z-a2 . ,.. fB/q,C/q_ , 

z{L - \./Az)2(pi I y^^ , BCl 

n 

hi = -^{l~Aq--^){l-Bq--^)il-Cq--^). 
The associated orthogonality is discrete and only explicit in the case A, B or C = q 
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5.2. Associated Wall (C, D ^ oo) . 

With C ^ oo the recurrence relation (5.1) changes to 
(5.9) 



Vf^n+l 



A B 



2n-l 

W^n+^-r7^(l-Ag"-')(l-Sg"-')vr,-i 



AB 



0. 



Solutions are 



(5.10) Wi^Xz-A.B) 



lim LW(^;AS,C) 



9 



ABz 



i(n-l) 



l) (Ai?)n 
(9M^)n 



Bq 



n ^n+1 



q^'+^/Az' Bi 



(5.11) W-i^)^^.^^^) ^ ji^ Li2)(^;A,S,C) 



and 



c- 



(_l)ngn(n-l)/2(^)^^-n ^^^ ( /^^/'g ; A^Q^+l^ 



(5.12) W^f)(^.^^5) ^ li^ L(f)(^;A,S,C) 



c- 



= (-i)"q-(--i)/2(s),s- k/,1 (/^/'^;5^9-"+') 



which is just A ^^ S interchange of (5.11) 
Also from (5.6) 



(5.13) 



W^^\z-A,B) = hm L^^\z-A,B,C) 



^ 200 



2n-l 



The series representing the above 2</'o converges only when it terminates, the relevant 
terminating cases are when A = q or B = q . 

A limit C ^ oo of (5.7) gives explicit expression for associated Wall polynomials 



(5.14) PJ^^\z;A,B) = lim pW(^;A,S,C) 



iq/ABz,A,B) 



E 



(q— )V^'"'^ /^'S 



(9)n ^ I (q-MS^,A,S)^ 



' {A/q,B/q,ABz), ^ q A^^ -(^-n 



i=o 
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The minimal solution of (5.9) is given by (5.10) and therefore we have the associated 
continued fraction representation 



(5.15) 



where 



hi 



^'^^(qM^'^ 



z — ttQ — z — ai — z — a2 



z{l-l/Az)i(j) 



( B/q, 1 



' Bz 



an = ij + ^)q''-{l + q)q'''-' 

2n-l 

hi = ^{1-Aq--'){1-Bq--'] 



When A or B = q, (5.15) has associated with it a discrete orthogonality for Pn (z) . 
We note here that our associated Wall polynomials given by (5.9) reduce to the Wall 
polynomials when B = q . In fact, if we make the substitutions A = aq, B = q, z = x/aq 
in (5.9) and renormalize, the equation can be written in the form (see [4]) 

q^{l-aq''+^)pn+i{x) - [q^{l - aq^+') + aq^{l - q^) - x] p^{x) +aq''{l-q'')pn-i{x) = 

with 



Pi 



,{x) =pn{x;a) = {-irq-^-'^/'^^Wi'H-;aq,q) 



{aq)n " aq' 

(2) 

where we use solution Wn from (5.11). From (5.28) we obtain the standard expression 
for Wall polynomials (see [17, (3.20.1), p. 83] and [4, p. 198]) 

Pn{x]a) = 2(pl ^^ ;?^ 

\ aq 



5.3. Limit Wall (S, C, D ^ oo) . 

The three-term recurrence now becomes 

q^ 



(5.16) 



Un+l 



z-^ + {l + q)q^--^ 



Ur, 



„3n — 2 

^(l-Ag--i)t/._i 



Using (5.10), (5.11) and (5.13), we have the solutions 

(5.17) U^r^\z-A) = lim WJ^'\z;A,B) 

B^oo 

- (-l)"(^)V'^('^-^)/^7^0<y^l ( 

\ Az '" V 

(5.18) U^^Hz;A) = hm Wi^Hz;A,B) 

B^oo 
= (-l)-Q-(-l)/2i4^,<^/^^ 



_ „2n+l- 

ri + l • 

q 7 ., ; 7 



Az 



z 



A' 



;Azq 



-n+l 
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and 

(5.19) 



t/(3)(^;A) = lim W^'\z-AB) 

B—i-oo 



Z2(P0 



2^:11 ?'""' 



A ' 



(3') 

where Un converges when it terminates with say A = q . 

(2) 

A direct hniit of (5.14) i.e. PA yz; A,B) as B -^ oo leads to an indeterminate form. 
However we can obtain the exphcit form of the polynomials by applying the method of 
Section 4 abinitio to equation (5.16). The result is 



(5.20) 



ppi^-^A) = ^^x:(^(-i)v^^^-^)/^(A.)^ 



^" (?)n t^ I iA)i 



(A/q) 



X^^^IV^?' 



i«i0-i)/2 



j=o 



(Qh 



i-Az)- 



The minimal solution of (5.16) being (5.17) we have the related continued fraction 



(5.21) 



bl 



/)2 
•^2 



z — ao — z — tti — z — a2 



o(Pi 



q/Az'- 



A 



Wl 



. q 



1 ^-"^ \ 0' Az 

z 






where 



n 
an = ^-(1 + q)q^"-^ 

„3n— 2 
^^2 - '^ .(l_Ag--l^ 



The second expression on the right side of (5.21) comes from the transformation 



ov^i 1 ^ ; cz 



(C)c 



iv^i 1 q;c 



which can be derived from (5.30) by letting a = . Note that when A ^ q , the right 
side of (5.21) is a meromorphic function of z . When A ^ q the singularities coalesce at 
2 = to produce an essential singularity. 

5.4 A fourth limit (A, S, C, D ^ oo) . 
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The three-term recurrence is now 

(5.22) K+i - [^ + (1 + ?)?'"-']K + ?'"-'K-i = 0. 
Using (5.17) and (5.19) we have the solutions 

(5.23) yW(z) = hm Ui'\z;A) = q^'^^^-^H^T o<Pi { ~ ' "^ 



2n+l 



0' z 



(5.24) V^^\z) = Hm Ui'\z; A) ^ ^-2<^o f °' ° ; ^-^V 

(2) 

The solution Vn is divergent and is thus only a formal solution. The associated polyno- 
mials are given by 

(5.25) Pf)(^) = lim P^'\z;A) 



A^oo 



(_l)„^„'^„(„-l)/2 » r .„_,,' qM,-^> 



,)„ E (.-")«-"--EV<-' 



The minimal solution of (5.22), being given by (5.23), yields the associated continued 
fraction 



(5.26) 



where 



bl b 



I ^o</>i(o;?/^ 



z ~ a^ — z — ai — z — a2 



o</^i 1 n ; 1/?^ 



a^ = -(1 + 5)^2-1 
hi = q'-'. 

We can also write (5.26) more explicitly as 

1 1 Z^n=0 ^ 



(5.27) ^ ^ ^ -' ^''='^'^ 



z + (1 + q)q~^ - 2 -h (1 + q)q - 2 + (1 + q)q^ z y-°o 



ri2_2n 



(<z). 

Using (5.22), (5.23) and (5.26) we have the following 
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Corollary. If < q < 1 and n is an integer, then 

_ 2n+l 
fn{z) = 0^1 ' 



0' Z 

has only real simple negative zeros which interlace those of fn+i{z) . 

Proof. If < q' < 1 then (5.26) is a completely convergent positive definite J -fraction 
which can be represented as a Stieltjes transform of a unique positive discrete measure [21]. 
This means that (5.26) can have only simple pole sigularities on the real axis with positive 
residues. Hence we must have simple real intertwining zeros for fo{z) and f-i{z) . From 

fc( fc — 1) 

the series representation fn{z) = J2T=o ^Tl — (q'^^'^^ / z)'^ we see that the zeros of f-i{z) 
and fo{z) must be negative. This establishes the result for n = — 1 . The proof for other 
values of n is the same if one starts from the continued fraction 

1 ^n+2 _lfn+l{z) 



In+l ~ Z — an+2 ■ Z fn{z) 



Note 1. There are similar corollaries associated with the positive definite cases for the 
continued fractions (5.8), (5.15) and (5.21). These require special parameter conditions. 
See also the remarks after (6.18), (6.28), (6.33) and (6.63). 



Note 2. The identities 



(5.28) 2</'i ' ;^ 



a, 6_ \ _ (6, a^)oo fc/b,z^ 



2(Pl 



C J (c,2)oo V «^ 

(5.29) ,<P^( ^;zj = ^-^ ,<P, ^ ^^ ^^ ; bz 



{z)oo , fa,0 



a 



(5.30) - — ^ 2'/>i ' ;z] = i(p2[ ;cz 



(c)oo \az 

can be used to relate some of the above solutions. For (5.28) and (5.29) see [5, (III.l), 
(III.4), p. 241]. (5.30) follows from 6 ^ in (5.28) and (5.29). 
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6. Additional Limits. 

There are other less obvious limiting cases which we can obtain from (2.1) and its 
solutions. These may also be re-expressed as birth and death processes. In the cases of 
Sections 6.4 and 6.5 there are process based seperately on the even and odd approximants 
with z^ replaced by z [7, Section 4]. We begin with 

6.1 Associated Al-Salam-Chihara. 

In (2.1) we put D = dC , multiply by C , replace zC by z and renormalize and let 
C ^ to get 

(6.1) g„+i - (^ - (1 + 6-^)q^)Qr, + ll^^^ " ^?""')(1 - Sg"-')Qn-l = 

with 

(6.2) Qr, = limCXniz/C^A^B^CCS). 

o — *^u 

This can be recognized as the recurrence relation for associated Al-Salam-Chihara poly- 
nomials given in [2, (3.54) with a = (1 + 7^^)/7] if we make the replacements 

(6.3) {A, B, S-\ z) -^ (67/c, 7Q, 672, x) 

and renormalize (see also [20]). 

li A = q or B = q then (6.1) becomes the recurrence for monic Al-Salam-Chihara 
polynomials [2]. For other references to this case see [17, p. 63]. 

We record here the solutions to (6.1) based on (6.2) and the solutions we obtained for 
Xn in Sections 2 and 4. 

Using (2.8) we have 

(6.4) Q<.i>-±feAB,«) = to^C"Xm'±(i;;AB,C7,«C 



(ASA±)^^ ^' "^' V ABK^q' 



(6.5) A± = ]^{z±^7^^), 

7 = 2{q/AB5)^. 
Also from (2.14), (2.15) and (2.19) respectively we similarly obtain 

(6.6) Q^^\z;AB,5) = (S).S-^(/>i(^^'^+^^'^-;q-"+Vs), 

(6.7) Q(f)(^;AS,5) = {BU5B)--24>,(^^^^+^J^^--q--+^/B^, 

(6.8) Q(f)(^;AS,5) = {-q/ABSTq-^^^-^y^ 

X {ABdK^/q,ABdK./q)r. 2<y^2 {j^^-I+i^Tq-^?^'^"^'^) 
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with Qn' proportional to Qn via (5.28) and (5.29). 

Using (4.12) we obtain the exphcit polynomial formula (first make the interchange 
B ^ D) 

(6.9) Q^{z]A,B,6) = lim C''P^{z/C]A,6C,C,B) 

O — ^0 

^ (A^B), ^ '>'' ^ ^ 

{A/q,B/q)j{-iyu^^q^^^+^y^ 

(9,2^75,2^7), 

z =7(w + w-i)/2, 7 = 2{q/AB5)^. 

With the choice of square root branch chosen so that |A_/A_|_| < 1 for x = z/'j G 
C\ [—1, 1] , we have the minimal solution to (6.1) given by (6.5). As a consequence we may 
give an explicit expression for the corresponding continued fraction and the absolutely con- 
tinuous component of the measure which gives its representation as a Stieltjes transform. 
The calculations proceed as in Section 3 and yield the following. For 2/7 — x E C\ [—1, 1] 
and |A_/A+| < 1 , 
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(6.10) 



bj hi AB5K_ ^^' V ^BK- 



2 /.DXA 2<?>il .^. \A5K. 



z ~ ao — z — ai — z — a2 q{l — ABA-/q) f BA-,B/q 

2*^1 ^ ABA./q 

'^ uj{t)dt 



+ possible pole terms, 

I z--ft 



with 






27rv/r^^^ {A6^u/2, A6^/2u, AB^u/2q, AB^/2qu), 



2(P1 



(".k5^--)^^'(lX^H 



-1 



Note that (6.11) agrees with the weight function derived in [2, (3.64) with a = q{l + 
d~^)/B,b = q'^/B'^d,c = q/ABd,'y = B/q and x'^ replaced by x^/4c]. 

6.2 Associated Al-Salam-Carlitz I. 

We take the S ^ oo limit of (6.1) and its corresponding solutions to obtain the case 
of associated Al-Salam-Carlitz I. The recurrence becomes 

n 

(6.12) i?^+i - [^ - (1 + 5-^)Qli?n - ^(1 - Aq^-')R^_i = 
with solutions from (6.5) - (6.8) given by 

(6.13) RL'\z;A5) = lim gW'-(^;AS,5) 

{-q/ASzrq-(-'y\<p, (/vl^'^'^^v^) , 



{q/5z 
(6.14) R^^\z;A,S) = lim Q^^) 



B- 



( i\n^n(n-l)/2 , / ^M^*^ . ^„-n+l 

l-J-J Q 101 I 1^ ,zq 



(6.15) i?i^)(^;A'5) = lim Q 



(3) 



S- 



»oo 



-n n(n-l)/2 , f Q/^^ . 



= (-5)-"q"^"-^^/^(/)i ( '^'^^^";52Q-"+^ 



(6.16) i?(;^)(2;A,(5) = lim Q 



(4) 



D . n 



(1/^). ^^</>l ( ^^"^"_'"„Yi^;q/5 



24 



with Rn proportional to Rn via (5.29) and (5.30); namely 

The minimal solution to (6.12) is given by (6.13). Using Pincherle's theorem we obtain 
the continued fraction representation 

1 q{l-A)/AS q^l-Aq)/AS 



(6.18) 



^ - (1 + 5-1) + z-{l + 5-^)q + z-{l + 5-1)q2 + 

/ q/Az6 



^^^TgM '^/" 



z{ 



l-l/6z) fq/AzS ^ , V 



This is a positive definite J -fraction in the case when < q < 1 and A < l,Ad < . 
We may then deduce that the zeros of the i4>i 's in the numerator and denominator on 
the right side of (6.18) are real and simple and interlace. See for example the Corollary in 
Section 5.4. 

When A = q , the pole singularities in (6.18) become explicit, since we may then use 
(6.17) to obtain 

(6.18') ^ ^^"^^/'^ ?(1-?')A 



^ - (1 + 5-1) + z-{l + 5-^)q + ^ - (1 + 5-1)q2 + 
^ jq/Sz)^ fl/z5 . 

z{l/z)^{l/z5)J^'\q/z6^'^''' 



g" 



n=o - (^ ~ ?")(?)n(5g)n(5-i)oo {z - q"" / S) (q^q / 6) ^ ^ 

In the last equality we have assumed that 6 7^ q~^, m an integer. The explicit polynomial 
solution to (6.12) can be obtained from the B ^ 00 limit of (6.9). We get 

(6.19) R^{z-A,d)= lim g„(^;A,S,5) 



B- 



>oo 



= {-q/A6zr^-^q-^-'y^ X \J2^^l2lMllMl 

When A = q , the expression for Rn{z] q, 5) must be equal to Rh, {z; q, 5) given by (6.16), 
since they are both monic polynomial solutions. Equating these two expressions we obtain 



n^n(n-l)/2 : (o. ", iM 1/^ _ 



.2„n 



(6.20) R^{z- q, 6) = {-6z)-''q^^^-'^/'s<Po T ' ^^ ^"' ^^ ; 6z'q 

= ^"(i/^).i</>i(^J_"r+i;9A 
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The above connection between a terminating 3(^0 and a terminating 1(^1 appears to 
be new. Note that (6.20) differs also from the standard expression in [17, (3.24.1) with 
a = d~^ and x replaced by z ] which gives 

f ^"'^ 

For the last equality we have used (5.29) with c — Q. 

6.3 Limit Al-Salam-Carlitz I. 

We now take the A ^ 00 limit of (6.12) and its corresponding solutions. The recur- 
rence becomes 



2n-l 

(6.22) Sr,+i - [^ - (1 + 5-')q^]S^ + ^^Sn-i = 



with solutions 

(6.23) S^^Hz-5) = lim R^^\z-A,5) 

- 9"' ^ ( „+i , 

-(,/5.).(5.)-^'^^U^+v^5'^ /" 

(6.24) ^i^^(2;<^) = lim i?i2)(^;A,5) 

= (-l)-Q-(-l)/2i</>l^^^^ 

(6.25) S^^\z-5) = lim i^i^)^^.^^^) 







^Q 



-n+1 



(_5)--gn(n-l)/2^^^ ( 0^.^^^-n+l 



(6.26) '5W(-2;'^) = lim Ri^Hz;A,d) 

= {1/Z)r,z''i(j)i l^^r^+l-.q/A ■ 

Note that Sn is proportional to Sn via the transformation (6.17) which yields the 
identity 

(6.27, .,.(0;,).|k.,.(0;. 

The minimal solution to (6.22) is Sn {z; 5) . Using Pincherle's theorem we then obtain 
the evaluation of the continued fraction associated with (6.22). Namely 
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(6 2H) 1 1/^ gV^ 

^ ^ ^- (1 + 5-1)- ^-(1 + 5-i)q - ^-(1 + 5-i)q2 - 





1 '^'\q/z5 



iV^i I ^/..s'^Q/z 



^(1-1/5^) ^ ( 
l/z5 



Wi I 1 i..,-.(l/z 



This is a positive definite J -fraction if < g < 1 and 5 > and we may then deduce 
that the zeros of the i(f)i 's on the right of (6.28) are real, simple and interlacing. See the 
Corollary in Section 5.4. 

The monic polynomials are given explicitly by 

(6.29) S,,{z;5) = lim Rniz;A,5) 

i^^r'-r' J 5^(,-,i/,5,i/.),(-5)^,-^^(^-^)/^ 



{(l)n 



f=0 



* y-2j( £\-j^3j{j-l)/2 
2£J(n-l) ST y^> ^ 



X^2Y(n-l)^ 
J=0 



(g, l/z6, l/z)j 



A simpler expression is obtained if one applies the generating function method of Section 
4 directly to (6.22). This results in 

r — n n(n+l)/2 f '^ 

(6.30) Sr^iz; 5) = '-^^ J^^^-W/zU-SzYq-'^'-'^/' 






(lA).(g). 



6.4 Associated continuous q -Hermite. 

If we multiply (6.1) by B^ , replace zB^ by z , renormalize and let S — ;► , we get 
the recurrence 

(6.31) H^+i-zH^ + -^(l-Aq^-')H^.i = 0. 

Ao 

This will become the continuous g -Hermite case if we set A = q . The solutions to (6.31) 
are obtained as limits of the solutions to (6.1). They are 

(6.32) Hi^^'^{z;A,S) = lim B^'/^Q^^^'^iz/Bi; A, B,5) 

B — ^0 

^ {AUp±r,cPi (^^f ■,Adfiiy 

(6.33) HJ^^\z;A,d) = (^_)^(/>o (^""^y^' °; qVV-) , 
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where 

(6.34) ^± = {z±^Jz^-i^)/2, i = 2^/^5. 

To derive (6.32) we first made the transformation (5.28) before taking the hmit and the 
transformation (5.30) in the form 

(6.35) o</>i(;;c.) = (^i</'i(o;^ 

after the hmit was taken. 

To derive (6.33) we transformed either Qn or Qn' using an iterate of (5.28), dis- 
carded factors which were n -independent, muhiphed by B'^''^ and then let S — ;► . Note 
that (6.33) is only a formal solution unless it terminates by having A = q . 

For the general polynomial solution we take the limit of (6.9) to obtain 

(6.36) Hrr{z]A,6) = limB''/'^Qn{z;A,B,6) 



B^O 



n(^)n \ S^ (Q )(-( ^\t„-2(.n(. 



^(^-i)/2 ^ (A/q),(-1)%^^q^(^-+i)/^ 



i=o 



(?). 



i 



.. ^{u + u-^), i = 2{q/A6)^. 

Note that when A = q , the expressions (6.33) and (6.36) become equal. 

For z = 7'x, X G C\[— 1, 1] and with the square root branch chosen so that |(U_//U+| < 
1 , we have H^ {z; A, 5) as a minimal solution to (6.31) and hence the continued fraction 
representation 

1 q{l-A)/A5 q{l-Aq)/A5 q{l-Aq^)/A5 



(6.37) 



z — z — z 

A 



As^. '""'yo 



A5nl 



= / — + possible pole terms. 

i_i z-yt 

Repeating the method of Section 3, we find that 

1 (A'u^'u"2) 



(6.38) uj{x) 



27rVl - X 



i</>i(^/^;^^V?)i</>i(^/^;i/^^^?) 



z/Y = X = -{u + u ^] 
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When A = q the denominator i(j)i 's in (6.37) and (6.38) become equal to 1 and there 
are no pole terms. This is then the continuous g-Hermite case. See [17, p. 88] for a list of 
references. 

6.5 Limit g-Hermite. 

We take the A ^ oo limit of the results in the previous Section 6.4. This gives the 
recurrence relation 

n 

(6.39) Tn+i - zTn - ^Tn-i = 



with minimal solution 

(6.40) TW(^;5) = hm Hi'^'-{z; A,6) 

= (-1)"q-(--i)/2(q/5^)%</>i (~;q^+^/dz' 

and the polynomial solution 

(6.41) T^{z;S) = lim H^{z;A,6) 

A^oo 



(q). 



-(?Ar E(^ 



—n\ 



.£=0 



Xz''q^\S/qYq-'('-'^J2^ ^'^ '^'^ 



,=0 (^)^- 

Using the minimal solution we get the continued fraction result 

^g_32) 1 q/l III ^ 1 o<Pi{-o ;qVSz^) 

z+ z + z +■■■ 2 o</>i {^iq/Sz^) ■ 

This is a positive definite J -fraction if < g < 1 and 6 < and one may then has simple 
real interlacing zeros for the o<^i 's on the right of (6.32) (see the Corollary in Section 5.4). 

6.6 Associated continuous big q -Hermite. 

In (6.1) let 6 = 1/aB and then let B ^ to get the recurrence 

(6.43) a+i -{z- q^)Cr, + ^(1 - ^?""')Cn-i = 0. 

The solutions to (6.43) may be obtained from the solutions of (6.1) by using 

(6.44) C^{z;A,a) = lim Q^{z; A, B, 1/aB). 

B — >0 
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First making the parameter interchange A *-^ B in (6.5), then writing 5 = 1/aB and 
taking hmit S ^ we obtain the solution 

(6.45) CV {z^Aa) - 1'^,JJbA^^^^> '"^^ [ ABA'^q^ ' V J ' 

= (A)^(A'±)^</>i 



,/^n ^ / AA'±,Aq-.A'± 










Also from (6.2) we similarly obtain 

(6.46) Ci^\z;A,a) = lim Q^^\z;B, A, 1/aB) 



const {A'+nAA'_/aq)r, 2<y^i (^ \r^'_(^\° ; AA'_ 



which is a polynomial solution when A = q . 

In (6.7) we first apply the transformation [5,(111.2), p. 241], write 6 = 1/aB, B = q^ 
and let to — > oo . We obtain the solution 



(6.47) Ci'\z;Aa) = const (AV)^0o ("^"'^^VA, A'+Za. ^1^ 

\ — a 



which is again a polynomial solution for A = q. Using (6.8), transformation (5.30) and 
taking limits we have the solution 

(6.48) Ci^Hz;A,a) = const {A'^nAA'_/aq)^ x ,<p^ (^ ^^^^'i^V^ ; AA'_ 
Also from (6.9) we obtain the explicit polynomial solution 

(6.49) Cn{z;A,a) = lim Q,(z; A, S, — ) 

B^o aB 



(71^2)-^^^ 



(q). 






J-. {A/q)j{-iyu^^^(^+^y^ 

71 = 2^/aq/A. 
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If in (6.43) we write z = x'fi = 2{aq/A)^x , and renormalize, we obtain the recur- 
rence for the associated continuous big g-Hermite polynomials (see [17, (3.18.4)]) viz., the 
relation 



(6.50) 



e„+i - (2a; - 6Q^)e„ + (1 - AQ"-^)en-i = 



with h = (A/aq)^ . Writing A = q in the renormalized solution given by (6.47) yields 
continuous big g-Hermite polynomials [17, (3.18.1)]. 

Choosing, for x = z/'ji G C\ [—1, 1] , the square root branch for which |A'_/A^| < 1 , 
the minimal solution of (6.43) is given by (6.45). Consequently we have the continued 
fraction representation 



(6.51) 



1 



bi 



AA' 



A,AA'_ ,, , ■ 
2</^i 1 Q ;A_/a 



z — ttQ — z — ai — z — a2 — 



aq j^ ( A, AA' , , , 
^ 2(1)1 { \, -;A'_/a 



^ uj{t)dt 
■ iz- lit 







+ possible pole terms. 



with 

(6.52) 

uj{x) = 



(A)oc(l/w',w' 



where 



27rVl - x^ (7iw/2a, 'ji/2au), 

X 

71 
an 

hi 

In the particular case A = g , 
(6.53) uj{x) 



2(P1 



A/q,AA'_ A[_ 
' a 



2(P1 



A/q,AA'+ a; 
' a 



1 



(u + u-^) 



2{aq/A)^ 

(l-Aq-': 



Q 
qa 

~A 



2 „.2\ 



(q)oo(1/w , «■ 



27rVl - a;2 {u/y^, l/u^. 



This weight function agrees with the form given in [17, (3.18.2] with h in (6.50) replaced 
by 1/ ^/a and taking into consideration the normalization factor {A/aq)'^''^ = a""^' ^ = 6" 
used in (6.50) and also that x is replaced by bx . 
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6.7 g-Bessel order. 

The limit A ^ oo of the recurrence (6.43) gives 

(6.54) B^+i-{z-q'')Bn-aq''Bn-i = 0. 

It is clear that (6.54) will give real orthogonal polynomials only for < q < 1, a < . The 
solutions of (6.54) can be obtained by taking A ^ oo limits of (6.45)- (6.48). We have 

(6.55)sW(^;a) = Jim^CW'-(^; A, a) = (-ag/^)-g-(-i)/2^^^ |^«?A . ^n+i/^^ 

(6.56) = i-aq/zrq-^--'^/'{q-+'/zU o<t^i [qu+i j ^^ aq""^^ / z^^ , 
using the transformation (6.35). Also 

(6.57) B^^\z-a) = lim C^^\z-A,a) = const ^'^(l/z),2</>i f °'n°+i ; ag/^V 

A^oo \ zq I 

(6.58) B^^^{z;a) = lim C^^^ (2; A, a) = const ^'"a'/'o (°' ^^^; ag''/^^) , 

A^oo \ — J 



(6.59) lim Cl^\z]A,a) = const B^^\z; a) . 

A^oo 

Using (6.49) we obtain the explicit polynomial 

(6.60) Br,{z-a) = lim Cn{z;A,a) 



V a / ^ q), 1 ■' 



=0 ^'i^:'^"/"^^ 

We now demonstrate the relationship of the above solutions with Jackson's g -analogues 
of Bessel functions (see [5, Exercise 1.24, p. 25]). Using the notation of [5] and writing 

q'^ = z~^j — x^/4 = aq/zj 

we find from (6.57) and (6.56) that 

(6.61) A'l^{2t{aq/z)^;q) = const{-irq-<-+^^'^^z{-i^/^r+^^^l^B^^\z-a) 
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and 

-n{n-l)/2 

(6.62) 4%{2i{aq/zf^;q) = const (-1)"^^ y= iz/a^niy^r+''B(^\z;a) 



This shows that (6.54) is connected with the recurrence for g-Bessel functions with z 
appearing both in the arguement and the order of the q -Bessel function. Thus we choose 
to caU this the q -Bessel order case. The continued fraction representation obtained with 
the help of minimal solution of (6.54) given by (6.55) is 



(6.63) 



aq aq'^ 1 W/-2 



z-l + z-q + z-q'^ + --- [z -I) , /- ,, 

This is a positive definite J -fraction if < g < 1 and a < and the zeros of the 0(/)i 's 
on the right are then real simple and interlacing. 

A g ^ 1 limiting case is due to Maki [19] (see also [21]). 

7. Limit Askey- Wilson. 

In this section we give the connection between solutions to the associated Askey- 
Wilson and the associated continuous dual q -Hahn polynomial recurrence relations. The 
associated Askey- Wilson polynomial recurrence relation in monic form is given by 

(7.1) Pri+l{x) - {X - an)Pn{x) + hipn-li.x) = 0, 

a 1 

2 2a 
hi = A„_iS, 



A 
B 



n 



1-n — l-Ojij 

(1 - a6cc^Q"+"-^)(l - a6Q"+")(l - acg"+")(l - arfQ"+") 
a(l - q"+")(1 - 6cq''+"-1)(1 - 6rfQ"+"-i)(l - crfQ''+"-i) 

2(1 - a6crfQ2n+2a-2)(l _ ^5c^g2n+2a-l) 



When a = 0, (7.1) reduces to the non-associated monic Askey- Wilson case [3]. If one 
further puts (i = , one has the monic continuous dual g-Hahn case [3, pp.3, 28]. 
Our associated dual g-Hahn case may be obtained from (7.1) by multiplying (7.1) by 
/c-i = 2^q/ABCD, replacing {a,b,c,d,q'^) by {2kq/AD,2kq/AC,2kq/AB,0, A/q) and 
renormalizing to monic form. Note that ' /c ' is now used to denote the ' ct ' of previous 
Sections so as to avoid confusion with the ' a ' in (7.1). 

There are two papers [15], [9], which deal with the associated Askey- Wilson polynomial 
case. We now indicate how our associated dual q -Hahn recurrence solutions in Section 2 
are connected with the solutions in [15] and [9]. 
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Using the solutions to (7.1) which Ismail and Rahman have given in [15], we have the 
following limiting cases. 

(no\ TD / A T^ n r>\ V (^'^)n / 2/cg 2kq 2kq 

(7.2) P^iz; A 5, C, D) = hm ^;^P.(x; ^, ^, ^, ^^ A/q) 

where 

Pn{x) =Pn{x]a,b,c,d,q'^) = j7rT;:P^u\x) 

(ia)"- 

and pn (x) is given explicitly in [15, (4.15)]. The calculation yields 

^7-^^ o /. . z. ^ ^.^ _ iB,C)n \^ {q--,^BCq/ADu,^BCq/ADu-^)kq^ 

(7.3) Pn{z,A,B,C,D) -j^^^^^ ^-^-^^ 

''^{A/q,D/q,q^+^,q^-'')j ( BCq\ 

X 



E yi±iq,uiq,q ,q )j i JDK^q \ 
^^^ {q,Cq\Bq\q-^)^ \ AD ) 



Ismail and Rahman have also obtained non-polynomial solutions r„_|_Q,(ti) and Sn+a.{u) 
which correspond to pn {x) . Using [15, (1.12), (1.13)] we obtain 

(7.4) XW'±(^;AS,C,I^) = lirnC±^^^((SCA±)-"«.+4t.±i)) 



where 



and 



^± _ {A,D,BC\±), 



{BCDX±,ABCX±, ADX±] 



(7.5) Xi'\z;A,B,C,D) = ]irnC,^-^^ {{BCX.)-"r^+^{u)) 



where 



^ {C,ADX+,DqX.,ABCX+/q), 



{B,C,q/B,Dq/C)^ 

In [9], the parameters (a, 6, c, d, q^) of [15] are replaced by (a, /?, 7, 5, e) . The solutions 
Xn to (7.1) in [9] will now be denoted by Xn ■ The 5^0 limits of some of these 
solutions are given below in terms of the solutions Xn , Xn , Xn , Xn and Xn of 
Section 2. We have 

(7.6) limX(6)(^±i) = D}rX^'^'^{z;A,B,C,D), 

0— >o 

± _ {BCDX±,ADX±,ABCX±)^ 
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(7.7) lim X(5) (u) = D.rxi'^ {z; A, S, C, D) + D'.rxj^^^ {z; A, S, C, 15) . 



1 

"" (^,DQA_,Am+)oo' 
^, (fr^:^.l.-4QA_,i?m_,cm_,^)^ 

^ (^A+, ^A+, ^A+, C,A_, 5,A_, ^). 



X 






( q q_ Aq 2k Du 



(^^A_,f,ii,|f,t,f,A?A_,Am+; 



(7.8) \miX^^\u) = D2k''Xi^\z;C,B,A,D) 

(5^0 



D2 =- 



2 {A^qX+,AqX. 



Aq Aq Aq BCDX^ 
B ' C ^ D ^ q 



(7.9) \iTnX^^\u) =DirX^^\z]A,B,C,D) + D[rX^^\z;A,B,C,D) 

5— >0 

^ _ {q/B,BCDqX+/A,BCX-,Dq/C)^ 



(D, Cq/A, Bq/A, DqX+, ABCX-/q, ADX-)^ 

/q BCq 2k Dq ]D r^ \ /^ n \ BCDq \ TD/^rtX 2fc 



oo 



(S,C, £>, — , — ,— ,w, -, ^-, — ,i:'A+)oo 

Parameter interchanges in [9] in some of the cases yield new solutions of (7.1). For 

example an interchange of 5 ^^ /3 in solution Xn (u) gives a new solution X^ (u) for 
which we have 

(7.10) limX„ (u) =D';k^Xi^\z;A,B,C,D), 

^„ {q/B,Cq/D)^ 



(C, CqX+, ACX-,ABDX-/q), 



If we instead make the interchange a ^^ 5 in solution Xn (u) , then the 5—^0 limit 
would be proportional to k'^Xn {z; A, B, C, D) . 
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